In this paper, we study the existence and nonexistence of the positive solutions for a class of fractional differential equations with nonhomogeneous boundary conditions and the impact of the disturbance parameters a, b on the existence of positive solutions. By using the upper and lower solutions method and the Schauder fixed point theorem, we obtain the sufficient conditions for the boundary value problem to have at least one positive solution, two positive solutions, and no positive solution, respectively. Moreover, under certain conditions, we prove that there exists a bounded and continuous curve L dividing [0, +∞) × [0, +∞) into two separate subsets E and N with L ⊆ E such that the boundary value problem has at least two positive solutions for each (a, b) ∈ E \ L, one positive solution for each (a, b) ∈ L, and no positive solution for any (a, b) ∈ N . Finally, we give some examples to illustrate our main results.
Introduction
In recent years, since the fractional differential equation has been widely applied in various areas such as mathematics, physics, chemistry, biology, and so forth, lots of books The disturbance parameter in boundary conditions is a very important factor while solving the actual problems with the boundary value problems of differential equations and also it is inevitable that the impact of such a disturbance parameter to the existence of solutions always exists. However, as far as we know, there are only several papers studying this kind of impact, see [-] . In [] , the authors studied the second-order differential equation boundary value problem with one-parameter nonhomogeneous boundary conditions ⎧ ⎨ ⎩ u + p(t)u + g(t) = , t ∈ (, ),
And the multi-point boundary value problem It was shown that under some assumptions there exists a continuous curve separating the plane R  into disjoint regions E and N with ⊆ E such that this boundary value problem has at least two solutions on E \ , one solution on , and no solution on N .
The authors also studied the higher order boundary value problems with nonhomogeneous boundary conditions in [] and get the some conclusion. Reference [] studied the existence and nonexistence of positive solutions for the boundary value problems of the fractional differential equations
where C D δ is the Caputo fractional derivative of order δ. And one studied the impact of the disturbance parameter a on the existence of positive solutions. Under certain conditions, the authors also obtained the demarcation point which divides the disturbance parameters into two subintervals such that the boundary value problem has positive solutions for the disturbance parameter in one subinterval while there are no positive solutions in the other.
In this paper, we study the existence and nonexistence of the positive solutions of the fractional order the boundary value problem which is composed of the equation
and nonhomogeneous boundary conditions with the disturbance parameters a, b +∞) , and f satisfies the L  -Caratheódory conditions.
We say that f satisfies the
In the paper, we have the following. (H) For any t ∈ J, f (t, u) is monotone increasing with respect to u. We focus on studying the impact of the disturbance parameters a, b on the existence of positive solutions. We use the upper and lower solutions method and the Schauder fixed point theorem, and we obtain sufficient conditions so that the problem has at least one positive solution, two positive solutions, and no positive solution, respectively. In addition, we also prove that there exists a bounded and continuous curve L dividing [, +∞) × [, +∞) into two separate subsets E and N with L ⊆ E such that the boundary value problem has at least two positive solutions for each (a, b) ∈ E \ L, one positive solution for each (a, b) ∈ L, and no positive solution for any (a, b) ∈ N under certain conditions.
Preliminaries
In this section, we present some useful definitions and the related theorems. 
provided the right side is pointwise defined on (, +∞), where n = [p] +  and n - < p < n. 
. . , n -) are arbitrary constants, and 
then E is a Banach space with the norm u = sup t∈ [,] t -δ |u(t)|. 
has a unique solution
Proof Suppose u is a solution of the boundary value problem (.) and (
Thus we can apply Lemma ., we have
that is,
By the boundary conditions lim t→ + t -δ u(t) = a and u() = b, we can show
On the other hand, if u satisfies the (.), then u satisfies the (.), too. Applying the operator D δ  + to both sides of (.), we have
We can easily show that u satisfies (.).
Lemma . Let G be defined by (.). Then, () for any t, s ∈ (, ), G(t, s) > ; () for any t, s ∈ [, ], G(t, s) is continuous and G(t, s)
≤  (δ) ; () for  ≤ s < t ≤ , the G(t,
s) is monotone increasing with respect to t and for
 ≤ t < s ≤ , the G(t,
s) is monotone decreasing with respect to t; ()
 (δ) (δ -)t( -t)s( -s) δ- ≤ t -δ G(t, s) ≤  (δ) s( -s) δ- = G(s, s), t, s ∈ (, ).
Proof () By the expression of G(t, s), it is easy to see G(t, s) > , t, s ∈ (, ). () By the expression of G(t, s), we can get results easily. () According to the definition of G(t, s), for  < s < t ≤ , we have
∂G(t, s) ∂t = δ - (δ) t δ- ( -s) δ- -(t -s) δ- ≤ δ - (δ) (t -s) δ- ( -s) δ- -(t -s) δ- ≤ .
Therefore, G(t, s) is monotone decreasing with respect to t for  ≤ s < t ≤ . It is obvious G(t, s) is monotone increasing with respect to t for 
, then the boundary value problem (.) and (.) is equivalent to the integral equation
Proof By Lemma ., we can easily see that Lemma . holds.
then P is a cone in E.
For each u ∈ P, we have
Hence, T : P → E.
Lemma . The operator T : P → P is completely continuous.
Proof It is easy to show T :
Therefore, for a.e. s ∈ J, we can show
Then by the Lebesgue dominated convergence theorem, we can get
So lim n→∞ Tu n -Tu = . By Lemma ., a ≥ , and b ≥ , we have Tu(t) ≥ , t ∈ J. Hence, T : P → P is continuous.
() T : P → P is relatively compact. Let A  be any bounded set, then there exists a constant γ >  such that u ≤ γ for each
It shows that T(A  ) is uniformly bounded. In addition, for any given u ∈ A  , because the
, then it must be uniformly continuous. So for any ε > , there exists a constant σ ∈ (,
Thus, we have proved T(A  ) is equicontinuous. By the Arzela-Ascoli theorem, we know that T is relatively compact. Therefore, T is completely continuous.
Comparison principle and the existence of solutions
, we say that α is a lower solution of the boundary value problem (.) and (.), if
, we say that β is an upper solution of the boundary value problem (.) and (.), if
Now we consider the boundary value problem
By Lemma ., we have
It follows that u(t) ≥  for t ∈ J from Lemma ..
Theorem . Suppose (H) holds, there exist a nonnegative lower solution α and an upper solution β of the boundary value problem (.) and (.) such that α(t) ≤ β(t) for t ∈ J.
Then the boundary value problem (.) and (.) has at least one positive solution u and it
Since f satisfies the L  -Caratheódory conditions, we have f  satisfies L  -Caratheódory conditions, too.
We consider the boundary value problem
We define T  : P → P by
By (H), for any u ∈ P and t ∈ J, we have
It is easy to see that A  is a closed and convex set. By (H), we can get
Similar to the proof of Lemma ., we can prove T  is completely continuous. By the Schauder fixed point theorem, we can see that T  has at least one fixed point u, that is, there exists a positive solution u of the boundary value problem (.) and (.).
Finally, we prove
and
It follows that v(t) ≥  for t ∈ J from Lemma .. Hence, we can show u(t) ≥ α(t) for t ∈ J. Similarly, we can get u(t) ≤ β(t) for t ∈ J.
So each solution of the boundary value problem (.) and (.) satisfies 
Hence, for any  ≤ a ≤ā and  ≤ b ≤b,
We take α = (b -a)t δ- + at δ- and β =ū, then
We see that α and β satisfy (.), (.), (.), and (.). Therefore, α and β are the lower solution and the upper solution of the boundary value problem (.) and (.), respectively.
For the parameters  ≤ a ≤ā and  ≤ b ≤b, by Theorem ., we see that the boundary value problem (.) and (.) has at least one positive solution u and α(t) ≤ u(t) ≤ β(t) for t ∈ J.
() If there exist constants a  ≥ā and b  ≥b such that the boundary value problem (.) and (.) has a positive solution for the parameters a  and b  , by (), we can show that for each  ≤ a ≤ a  and  ≤ b ≤ b  , the boundary value problem (.) and (.) has a positive solution. Therefore, the boundary value problem (.) and (.) has a positive solution for the parametersā andb, which is a contradiction.
For convenience, we denote
ThenP is a cone in E andP ⊂ P.
Lemma . (See []) Let E be a Banach space andP ⊆ E be a cone in E. Assume that is a bounded open subset of E and θ ∈ and that T :P ∩ →P is compact. If u = τ Tu for all u ∈P ∩ ∂ and τ ∈ [, ], then the fixed point index i(T,P ∩ ,P) = .

Lemma . (See []) Let E be a Banach space andP ⊆ E be a cone in E. Assume that is a bounded open subset of E and that T :P ∩ →P is compact. If there exists u
 ∈P \ {θ } such that u -Tu = τ u  for all u ∈P ∩ ∂ and τ ≥ ,
then the fixed point index i(T,P ∩ ,P) = .
Lemma . If u is a positive solution of the boundary value problem (.) and (.) , then for t ∈ J, t -δ u(t) ≥ (δ -)t( -t) u .
Proof By Lemma ., we can show
It follows from Lemma ., for t ∈ J, that
On the other hand,
Hence, Proof () By f  = , for given N > , there exists a constant r  >  such that
When b < Nr  , for any u ∈P ∩ ∂  , we have |t
We can show that
Otherwise, there exist u * ∈P ∩ ∂  and τ
which contradicts to (.).
In view of Lemma ., we can get
On the other hand, by f ∞ = +∞, for given M > , there exists a constant R >  such that
For any u ∈P ∩ ∂  , we have u ∈P and u = R  , so
By Lemma ., we can get
, by (.) and (.), we can show
Hence,
In the following, we show that there exists u  ∈P \ {θ } such that
If this is not true, then there exist u * ∈P ∩ ∂  and τ * ≥  such that u * -Tu * = τ * u  , so
and u * ≥ Tu * , which contradicts (.). By Lemma ., we have
By (.), (.), and the additivity property of the fixed point index, we obtain
Then T has at least one fixed point u ∈P ∩ (  \  ), which implies the boundary value problem (.) and (.) has at least one positive solution.
In the following, we prove that there exists large enough b such that the boundary value problem (.) and (.) has no positive solution.
Otherwise, for any large enough b n , the boundary value problem (.) and (.) has solutions, then there exists {b n } such that, for lim n→+∞ b n = +∞, the boundary value problem
has a positive solution, which we denote u n . Due to this,
In addition, by f ∞ = +∞ and given M > , there exists a constantR >  such that
Similar to the proof above, we can see that, for large integer n,
So u n >  u n , which is a contradiction.
() Similar to the proof of (), we can prove () holds.
() By f  =  and given N > , there existsr  >  such that
Hence, for any u ∈P ∩ ∂  , by Lemma ., we can get
It is similar to the proof of (), by Lemma ., we have
On the other hand, by f ∞ = +∞ and given M > , similar to the proof of (), we can see that there exists a constantR  such that  = u ∈ E : u <R  and i(T,P ∩  ,P) = .
(.) By (.) and (.), and the additivity property of the fixed point index, we obtain
then T has at least one fixed point u ∈  \  , that is, the boundary value problem (.) and (.) has a positive solution. Similar to the proof of (), we can prove that the boundary value problem (.) and (.) has no positive solution for large enough a and b.
In summary, the boundary value problem (.) and (.) has at least one positive solution for small enough a and b; the boundary value problem (.) and (.) has no solution for large enough a and b. Proof Because is a bounded set, there are constants η  , η  , such that for each parameter
Since f ∞ = +∞, for M > , there exists a constant R >  such that
By Lemma ., we have
which is a contradiction. Proof Let
the boundary value problem (.) and (.) has at least one positive solution .
By Theorem .,
(ii) Let L be the boundary of E . We can prove that the boundary value problem (.) and (.) has at least one positive solution for is equicontinuous, similar to the proof of Lemma .. It follows that {u m (t)} ∞ m= has a subsequence which is uniformly convergent on J from the Ascoli-Arzela theorem. Without loss of generality, we can assume that {u m (t)} ∞ m= itself converges uniformly to u on J, then u ∈ P. Since f satisfies the L  -Caratheódory conditions and
letting m → ∞, by the Lebesgue dominated convergence theorem, we can get
So the boundary value problem (.) and (.) has at least one positive solution for the parameters (a, b) ∈ L and L ⊆ E . By Lemma ., we have u ∈P.
(iii) By Theorem ., the boundary value problem (.) and (.) has at least one positive solution for (a, b) ∈ E , has no positive solution for any (a, b) ∈ N , and L is the boundary of E .
(iv) We can prove that the boundary value problem (.) and (.) has at least two positive solutions for (a, b) ∈ E \ L. 
Similar to the proof of Lemma ., for each ( Define a linear segmentation
Let ⊆ R  + be a bounded set such that S  ∩ E ⊆ , (a, b) ∈ , (ā,b) ∈ , and η = η( ) given by Theorem .. Let
then is a nonempty bounded open set ofP and u  ∈ .
Since F is bounded, there exists a constant R > η >  such that for each
It is easy to show ⊂P ∩ B(θ , R) and u = μKu when u ∈P ∩ ∂B(θ , R) and
Due toK having no fixed point onP
We noticeK| = K , by the excision property of the fixed point index, for each 
Illustration
To illustrate our main results, we present the following examples. factor. Moreover, it is always inevitable that the impact of such a disturbance parameter to the existence of solutions always exists. In this paper, by using the upper and lower solution method and fixed point theorem, we obtain the sufficient conditions for the boundary value problem to have at least one positive solution, two positive solutions, and no positive solution, respectively. Moreover, under certain conditions, we prove that there exists a bounded and continuous curve L dividing [, +∞) × [, +∞) into two separate subsets E and N with L ⊆ E such that the boundary value problem has at least two positive solutions for each (a, b) ∈ E \ L, one positive solution for each (a, b) ∈ L, and no positive solution for any (a, b) ∈ N .
